We present new classes of permutation polynomials over finite fields. If q is the order of a finite field, some polynomials are of form x r f (x (q−1)/d ), where d|(q − 1). Other permutation polynomials are related with the trace function.
Introduction
In this paper, p represents a prime number, q = p n a prime power, F q a finite field of order q, and F * q its multiplicative group. A polynomial f (x) ∈ F q [x] is a permutation polynomial over F q if it induces a bijective map from F q to itself.
Lately, there have been certain success in finding new permutation polynomials, see, for instance, [1, 2, 3, 5, 6, 9, 13, 16, 17, 18, 19] .
For d|(q−1), Wan and Lidl [14] studied permutation polynomials of the form x r f (x (q−1)/d ) ∈ F q [x]. They gave a general criterion [14, Theorem 1.2 ] to determine if a polynomial of the above form induces a permutation on F q . This criterion have been used in [6, 7] . Recently, Park and Lee [13, Theorem 2.3] have given a similar criterion, which is simpler and more applicable. See also [18, 19, (2) x r h(x) (q−1)/d permutes µ d .
Condition (1) is also present in [14, Theorem 1.2] . Notice that, if gcd(r, (q−1)
A class of specific permutation polynomials
In this section, we present a new class of permutation polynomials of the form x r f (x (q−1)/d ). Our result is closely related with the results in [19] , and partially with [1, 7, 12, 16, 18] . For d ≥ 2, we denote
is a permutation polynomial if and only if the following four conditions hold
Proof. Firstly, we assume that the four conditions hold. Let α ∈ F q such that
Conditions (1) and (2) imply that g(x) is injective in the set α ∈ F q : α (q−1)/d = 1 , that is, the set of d-th powers. Let β ∈ F * q such that β (q−1)/d = 1. We have that
Notice that conditions (2) and (3) imply that gcd(u + k(q − 1)/d, q − 1) = 1. This fact together with condition (1) imply that g(x) is injective in the set β ∈ F * q :
is not a d-th power because β neither is and condition (3) . Hence, we have reached a contradiction. Therefore, g(x) is a permutation polynomial. Now, we see that the conditions (1)-(4) are necessary for g(x) being a permutation polynomial. Condition (2) . We obtain that g(ω 1 ) = b = g(ω 2 ). If s = 2, then d ≥ 4, q is odd, and there exists β such that (3) is necessary.
Finally, we assume that conditions (1)-(3) are satisfied, but (d + b)/b is not a d-th power in F q . Let γ be a primite root in F * q . We have seen that gcd(u+k(q−1)/d, q−1) = 1, and so, γ
Then, we have that
Therefore, condition (4) is necessary. 2 Remark: According to Lemma 1, we have another proof of the theorem using the polynomial If the put d = 2 in the above theorem, the four conditions are sufficient for g(x) being a permutation polynomial, but they are not necessary. The following result [15] , [14, Corollary 1.5] shows this fact. Proof. An immediate consequence of Lemma 1.
Example: Let d = 4, b = −1, k = 0 and u = 1. We assume that 3 = 0 in F q and
is a permutation polynomial if and only if −3 is a fourth power in F q . In particular, g(x) induces a permutation in F p for the primes p = 37, 61, 157, 193, 313, 349, 373, . . .
is a permutation polynomial. We fix a finite field F q , and a number d ≥ 3 such that d|(q − 1). It is possible to extend the previous theorem to characterize some polynomials of the form
which permute F q . It is also possible write more factors of the same kind. Instead of writing such a general result, we present a concrete example of the type of results that can be proved.
Proposition 4 Let
permutes the field F q if and only if gcd(5, (q − 1)/5) = 1 and 4 is a fifth power in F q .
Proof. Completely analogous to that of Theorem 2.
Permutation polynomials related with the trace function
We use T r(x) to denote the trace function from F p n to F p , and also to denote the corresponding polynomial, i.e.,
Throughout this section we shall assume that n > 1. The trace function has been use to produce permutation polynomials on finite fields in [3, 5, 17] . In this section we provide new classes of permutation polynomials involving the trace function. These polynomials are easy to evaluate if the elements of the finite field are presented in a normal basis representation.
This polynomial L(x) is a permutation polynomial on F p n if and only if the circulant matrix
a 1 a 2 · · · a n−1 a n−1 a 0 a 1 · · · a n−2 a n−2 a n−1 a 0 · · · a n−3 . . .
has non-zero determinant, see [8, p. 362] . The shall use the following trivial fact in the sequel.
be a linearized polynomial, and let T r(x) = x + x p + · · · + x p n−1 be a trace polynomial. Then, for each α ∈ F p n , we have L(T r(α)) = T r(L(α)) = (a 0 + a 1 + · · · + a n−1 )T r(α).
The following result provides a class of permutation polynomials related with linearized polynomials and the trace polynomial, but notice that our polynomials are not linearized in general.
permutes F p n if and only if the polynomial
is injective in the set
We apply the trace to both sides of the equality and we get T r(L(α)) + kh(i) = T r(L(β)) + kh(j).
Using Lemma 5, we obtain
By hypothesis, we have that i = j. Now, using the fact that f (x) is injective in T i , we finally conclude that α = β. The converse is clear. 2
. The polynomial f (x) = x + h(T r(x)) permutes F p n if and only if the polynomial x + n h(x) permutes F p .
Example: let p ≡ 2 mod (3), let n ∈ pZ, and h(
In the situation of the above corollary, note that
as functions on F p n . Consequently, f p = x. In this situation, it is clear that f (x) + ax is also a permutation polynomial for any a = −1, a ∈ F p . A permutation polynomial g(x) is called a complete mapping polynomial if g(x) + x is also a permutation polynomial, see [10, 11] . Therefore, we have the following result:
Proposition 9 If p = 2, the polynomial f (x) in corollary 8 is a complete mapping polynomial.
We introduce another class of permutation polynomials similar to the previous one.
permutes F p n if and only if the following two conditions hold
Proof. We assume that the two conditions hold. Let α ∈ F p n with T r(α) = i ∈ F p . Then
Taking into account the first condition, we see that f (x) is injective in the set
Now, let β ∈ F p n with T r(β) = j ∈ F p . We assume that f (α) = f (β), that is,
We apply the trace to both sides of the equality and we get
The second condition implies that i = j. Now, using the fact that f (x) is injective in T i , we finally conclude that α = β. For the converse, note that f (x) must apply injectively each set T i into a set T a of same type.
2 Remark: in the previous theorem, we can fix b = 0 or γ = 0, or L(x) = x, in order to produce easy examples.
. The polynomial f (x) = x h(T r(x)) permutes F p n if and only if the following two conditions hold
• The polynomial g(x) = xh(x) permutes F p .
Notice that first condition above can be replaced with the following one:
which is a Dickson polynomial. This polynomial permutes F p for all primes p ≡ ±2 mod (5) . Therefore, the polynomial
permutes F p n .
In the above results, we can replace the polynomial h(x) by a rational function R(x) ∈ F p (x) which satisfies the given requirements for h(x). For instance, the function
permutes F p if p ≡ 5 or 7 mod (12), see [4] . By Corollary 11, we get that the function
permutes F p n if p ≡ 5 or 7 mod (12) . Remark: It is clear that some of the previous results can be extended to the following slightly more general situation: if q = p s is a prime power and T r(x) is the relative trace function from F q n to F q .
Using other similar functions instead of the trace function
There are certain possibilities to extend some results of the previous section by replacing the trace function by a polynomial λ(x) ∈ F p [x] which satisfies λ(α) ∈ F p and λ(α p ) = λ(α) for all α ∈ F p n . Let us see an example. We consider the second symmetric polynomial in n variables
Now, we define the polynomial
which satisfies the above requirements. We also define another polynomial with similar features:
Both polynomials satisfy the following property: if α ∈ F p n and a ∈ F p , then λ 2 (aα) = a 2 λ 2 (α), and T 2 (aα) = a 2 T 2 (α). Polynomials of this type have been studied in [3] .
Proposition 12 Let λ(x) be any of the polynomials λ 2 (x) or T 2 (x). Let h(x) ∈ F p [x]. The polynomial f (x) = x h(λ(x)) permutes F p n if the following two conditions hold
• h(0) = 0.
• The polynomial g(x) = x(h(x)) 2 permutes F p .
Proof. The two conditions imply that h(i) = 0 for all i ∈ F p . Let α ∈ F p n with λ(α) = i ∈ F p . Then f (α) = αh(i). It is clear that f (x) is injective in the set L i = {α ∈ F p n : λ(α) = i} . Now, let β ∈ F p n with λ(β) = j ∈ F p . We assume that f (α) = f (β), that is αh(i) = βh(j).
We apply the function λ to both sides of the equality and we get ih(i) 2 = jh(j) 2 .
The second condition implies that i = j. Hence α = β. 2 Example: Let a = ±2 in F 5 . The polynomial g(x) = x(x 2 − a) 2 ∈ F 5 [x] permutes F 5 . Hence, both polynomials x(λ 2 (x) 2 − a), x T r(x 2 ) 2 − a permute F 5 n . One can get further results using other homogeneous symmetric polynomials applied to x, x p , x p 2 , . . . , x p n−1 .
